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Using a number of numerical tests and analytic arguments we investigate how measurements
of cosmic shear lead to constraints on dark energy. We find that, in contrast to the case with
galaxy number density correlation functions, standard rulers in the matter power spectrum play no
significant role. Sensitivity to distance ratios is provided by the ratios in the lensing kernel. An
absolute distance scale can only be established by breaking a potential degeneracy between growth
and distance which can be done if the growth-redshift relation and distance-redshift relations are pa-
rameterized with sufficiently few parameters. For the quality of dark energy determination, growth
determination is primarily important because it improves the distance reconstructions. The infor-
mation about dark energy in the growth-redshift relation is always of secondary importance though
the amount it contributes is highly dependent on what priors are taken in the cosmological param-
eter space. We also explain the dependence of dark energy constraints from cosmic shear, relative
distance measures (supernovae) and absolute distance measures (baryon acoustic oscillations) on
assumptions about the mean curvature.
I. INTRODUCTION
The manner by which galaxy number density two-
point correlation functions can be used to constrain dark
energy is quite straightforward and well understood.
In brief, the feature in the correlation function that
arises from acoustic oscillations in the pre-recombination
baryon- photon fluid is a standard ruler calibrated by cos-
mic microwave background (CMB) observations [1, 2, 3].
Detection of the angular extent of this feature (and/or
redshift extent) at different redshifts allows for determi-
nation of the angular-diameter distance as a function of
redshift, DA(z), (and/or expansion rate as a function of
redshift, H(z)). The constraints on dark energy then
follow from the dependence of these quantities on dark
energy parameters. Similar statements could be made
about the degree to which we understand the use of stan-
dard candles such as supernovae or standard populations
such as clusters of galaxies — even though the latter is
indeed a more complicated probe due to the dependence
of the population statistics on the rate of growth G(z) of
large-scale structure.
In contrast, the manner by which cosmic shear two-
point correlation functions constrain dark energy is not
as straightforward nor is it as well understood. Others
[4, 5, 6, 7] have already addressed this subject. Here we
consider the question further. Whereas in [8] and [7] it
was shown that one can reconstruct the distance-redshift
and growth-redshift relations from cosmic shear data,
here we explain how these functions are reconstructed.
Whereas in [6] it was shown how information about rela-
tive distances could be extracted from cosmic shear data
in a manner independent of assumptions about the mat-
ter power spectrum and its growth over time, here we
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show how an absolute distance scale can be reconstructed
as well, and discuss the model-dependence of the recon-
struction. As in [4, 5, 6, 7] we comment further on the
different roles played by growth-redshift and distance-
redshift in constraining dark energy.
Baryon acoustic oscillations (BAOs) [e.g., 9, 10, 11, 12,
13] and weak lensing (WL) [e.g., 14, 15, 16, 17, 18, 19]
are emerging as two promising probes of dark energy.
Recent observations have detected the cosmic shear
[20, 21, 22, 23, 24] and baryon wiggles [25, 26, 27, 28, 29],
and they have been used to determine cosmological pa-
rameters such as the matter density and normalization
of the matter power spectrum.
We know that WL surveys can constrain dark energy
through the dependence of the distance-redshift relation
and the growth-redshift relation on dark energy. Thus
we begin by examining how these functions change as
cosmological parameters are varied. We do so for both
relative distance measures (DA(z)H0) and absolute dis-
tance measures (DA(z)). Comparison between these two
leads to an explanation of why Type Ia supernovae (SNe)
are much more sensitive to assumptions about mean spa-
tial curvature than is the case for BAOs.
In our effort to understand how WL constrains dark
energy, we have found it useful to compare WL with
what happens in the galaxy two-point correlation func-
tion case. There are two important differences between
galaxy two-point correlation functions and shear two-
point correlation functions. Shear two-point correlation
functions do not depend on any unknown bias factor, and
do depend on the ratio of distances in the lensing kernel.
We find that both differences have a significant impact
on dark energy constraints.
To assess the impact of the growth information ob-
tainable due to the lack of an unknown bias factor, the
impact of the distance dependence arising from the lens-
ing kernel and various features in the power spectrum, we
carry out a number of tests built upon a scale-free matter
power spectrum and the normal cold dark matter (CDM)
2power spectrum with or without the baryon wiggles. We
caution the reader that many systematic uncertainties
are neglected in these tests in order to isolate the effect
of the subject under investigation. Because of this, the
results of these tests should not be taken as forecasts for
future surveys.
One of the useful conclusions from our numerical tests
is that power spectrum features play no significant role in
WL-derived dark energy constraints, at least in the limit
of infinite source density, i.e., no shot (shape) noise. We
can thus discuss the response of shear power spectra to
DA(z) and G(z) using analytic expressions that simplify
greatly for the case of power-law power spectra. In the
presence of noise, changes to the power spectrum shape
due to non-linear evolution boost the signal-to-noise ra-
tio and thereby do lead to tighter constraints. For BAO,
the nonlinear feature in the galaxy/matter power spectra
can be a potential standard ruler for measuring the an-
gular diameter distance. However, to take advantage of
this prominent but evolving feature, one must model the
nonlinearity and scale-dependent galaxy bias accurately.
We find that the sensitivity of WL to growth is mostly
a nuisance. That is, the information about dark energy
that can be inferred from constraints on the growth fac-
tor is subdominant to the dark energy information that
can be inferred from distance constraints. The determi-
nation of the growth factor though, or more directly the
amplitude of the power spectrum as a function of time,
is important because it improves the distance determina-
tions.
Throughout this paper, we assume a low-density CDM
universe with the following parameters: the dark energy
equation-of-state parameters w0 and wa as defined by
w(a) = w0 + wa(1 − a), the matter density ωm, the
baryon density ωb, the angular size of the sound horizon
at the last scattering surface θs, the equivalent matter
fraction of curvature ΩK, the optical depth to scattering
by electrons in the reionized inter-galactic medium, τ , the
primordial helium mass fraction Yp, the spectral index
ns and running αs of the primordial scalar perturbation
power spectrum, and the normalization of the primordial
curvature power spectrum ∆2R at k = 0.05Mpc
−1. The
fiducial values are taken from the 3-year WMAP data
[30]: (w0, wa, ωm, ωb, θs, ΩK, τ , Yp, ns, αs, ∆
2
R) = (-1, 0,
0.127, 0.0223, 0.596◦, 0, 0.09, 0.24, 0.951, 0, 2.0× 10−9).
The reduced Hubble constant h = 0.73 and the present
equivalent matter fraction of dark energy ΩX = 0.76 are
implicit in our parametrization.
The rest of the paper is organized as follows. §II exam-
ines the utility and reconstruction of distance and growth
for studying dark energy. In §III, we compare cosmologi-
cal constraints from BAO and WL obtained with various
features in the matter power spectrum. We discuss the
results and conclude in §IV.
II. PROBING DARK ENERGY WITH
DISTANCE AND GROWTH
The relative strength of dark energy constraints from
distance and growth is determined by two factors: the
sensitivity to dark energy parameters and the precision
with which they can be reconstructed. Since distance is
more sensitive to the parameters [33] and since growth
is determined several times worse than distance [7], the
WL constraints on dark energy from the reconstructed
distances are considerably stronger than those from the
linear growth function [4, 7]. We note though that this
conclusion is not reached consistently. Both [5] and [6]
find the dark energy constraints from growth to be com-
parable to those from distance, as we will discuss below.
Distance and growth measurements in WL are entan-
gled. For example, the precision on distance depends on
how well one can measure the growth function. Hence,
even if the growth function does not place very powerful
constraints directly, being able to measure it well can still
be crucial for probing dark energy.
A. Sensitivity
We show in Fig. 1 fractional changes of distance (left
panel) and growth (right panel) with respect to a small
deviation of the dark energy EOS parameters w0 and wa
and the mean curvature parameter ΩK from their fiducial
values [see also 33, 34]. The fractional changes are cal-
culated with all other parameters fixed. By holding ωm,
ωb, and θs unchanged, one essentially fixes the comoving
angular diameter distance to the last scattering surface
D∗A. The effect is that the fractional changes of the abso-
lute comoving angular diameter distance DA (lines in the
left panel) vanish at z ∼ 1100 and that ∆ lnDA = ∆ lnh
at z ∼ 0. One can measure the absolute distance with
standard rulers such as BAOs. Since DA is more sen-
sitive to the mean curvature than to the dark energy
EOS parameters, low-z BAO results could have strong
dependence on the prior of ΩK. As Fig. 1 suggests, high-
redshift distances are efficient for measuring the mean
curvature accurately as long as dark energy is subdomi-
nant at high redshift [35], which is indeed demonstrated
in Ref. [36] for both photometric and spectroscopic BAO
surveys. Therefore, it is helpful to extend BAO surveys
to high redshift.
The behavior of ∆ lnDA explains the “geometric de-
generacy” between the mean curvature and Hubble con-
stant for CMB results [30]. With a tight constraint onD∗A
from CMB and assuming w = −1, one then only needs an
accurate measurement of the Hubble constant to deter-
mine the mean curvature. For example, with w fixed to
−1, σ(ΩK) ∼ |σ(lnDA) dΩK/d lnDA|z∼0 ∼ 0.12σ(lnh).
The current error of the Hubble constant is at 10% level
[37], so we can infer that σ(ΩK) ∼ 10−2 with CMB and
H0 data alone, assuming w = −1.
Type Ia SNe measure the luminosity distance, which
3FIG. 1: Left panel: Fractional changes of the absolute comoving angular diameter distance DA (lines) and the relative distance
DAh (symbols) with respect to a small deviation of the dark energy EOS parameters w0 and wa and the mean curvature
parameter ΩK from their fiducial values. The fractional changes are calculated with all other parameters fixed. Fractional
changes of the implicit Hubble constant equal ∆ lnDA at z ∼ 0 or ∆ ln(DAh) at recombination. Right panel: Same as the
left panel but for the linear growth function G (lines) and nonlinear growth at k = 0.5Mpc−1 (symbols). The linear growth
function follows the convention that G(a) = a in an Einstein-de Sitter universe but G(a = 1) 6= 1 in general. The nonlinear
matter power spectrum is obtained by applying the Peacock and Dodds [31] correction to the no-wiggle CDM power spectrum
[32].
is the same as the angular diameter distance in comov-
ing coordinates. Since the absolute luminosity of a SN
is degenerate with the Hubble constant, SN distance is
relative, i.e., one determines DAh instead of DA. The
fractional changes of DAh are given as symbols in the left
panel of Fig. 1. One sees that the parameter sensitivity
is shifted to higher redshift, which, counter-intuitively,
leads to measuring the Hubble constant H0 with high
redshift data [34]. This is possible since the error in D∗Ah
is mostly from h. In practice, Ref. [38] finds that high
redshift (3 > z > 1.7) SNe will not dramatically im-
prove dark energy constraints, because with the extra
data come new observational systematics, e.g., one may
not even be able to obtain redshifts spectroscopically for
these SNe.
The right panel of Fig. 1 shows that although the lin-
ear growth function (lines) is generally less sensitive to
the dark energy EOS parameters and mean curvature
than distance, nonlinear evolution (symbols) produces a
marked amplification of the sensitivity [also noted in Ref.
5]. The growth function is more sensitive to the mean
curvature than to the dark energy EOS parameters, and
the sensitivity peaks at z ∼ 0. As such, low redshift
measurements of the growth function can be useful for
constraining the mean curvature. One may also notice
that the growth derivatives with respect to ΩK, w0, and
wa have the same sign, whereas the distance derivatives
do not. This breaks the degeneracy between the dark
energy EOS parameters and mean curvature and is an
advantage of being able to measure both distance and
growth well.
Figure 2 gives a demonstration of the importance of
high-redshift distance measurements for BAO and low-
redshift data for WL. We assume a half-sky photometric
BAO andWL survey loosely based on the proposed Large
Synoptic survey Telescope1 (LSST) project. We use 10
WL bins over the photometric redshift range 0 ≤ zp ≤ 3.5
and 20 BAO bins over 0.15 ≤ zp ≤ 3.5. The widths of
the WL bins are equal, while those of the BAO bins are
proportional to (1+zp). The linear galaxy bias is linearly
interpolated over 20 bias parameters evenly distributed
over true redshift 0 ≤ z ≤ 4. The fiducial model for
the galaxy bias is b(z) = 1 + 0.84z, and a 20% prior is
applied to each bias parameter. The galaxy distribution
is proportional to z2 exp(−z/0.5) with a projected num-
ber density of 50 galaxies per square arcmin. The rms
shear of the galaxies is taken to be γrms = 0.18+ 0.042z.
To isolate the effects under investigation, we assume
zero uncertainty in the error distribution of photomet-
ric redshifts which we take to be Gaussian with rms
σz = 0.05(1 + z) and bias δz = 0. The multipoles are
limited to 40 ≤ ℓ ≤ 3000 for BAO [with an additional
requirement that the dimensionless matter power spec-
trum ∆2δ(k, z) < 0.4] and 40 ≤ ℓ ≤ 2000 for WL. The
calculation is performed with the forecasting tool cswab
[33].
1 See http://www.lsst.org.
4We use the error product (EP), σ(wp)×σ(wa), to assess
dark energy constraints. This product is proportional to
the area of the error ellipse in the w0–wa plane, and the
error σ(wp) is equal to that on w0 with wa held fixed
[39, 40, 41].
Because of the degeneracy between the galaxy bias and
the growth of the large-scale structure, the BAO tech-
nique cannot measure the latter accurately even with
the redshift distortion information in spectroscopic BAO
data. This does not contradict the finding that one can
determine the linear galaxy bias to several percent with
BAO and CMB [33]. One might infer that the growth
rate too could be determined to several percent as it
is degenerate with the galaxy bias. However, the tight
constraints on the linear galaxy bias are obtained with
assumed cosmological dependence of the distance and
growth function. If one models the distance and growth
rate as independent free parameters, then the latter (or
the product of the galaxy bias and growth rate) is poorly
determined with BAO [42].
Photometric BAO (dotted line and open squares in
Fig. 2), being only able to measure the absolute dis-
tance (and not the growth), is susceptible to the prior
on the mean curvature, even though it is capable of de-
termining ΩK to 10
−3 level with the full range of data
[36]. This susceptibility is, however, much milder than
that of relative distances from z < 1.7 SNe reported in
Refs. [36, 43]. The degradation to the SN constraints
due to relaxing the flatness assumption occurs mostly
to wa, because the redshift dependence of the derivative
d ln(DAh)/dwa is nearly proportional to d ln(DAh)/dΩK
(see Fig. 1). For BAO both w0 and wa are degraded, but
the EP is degraded by much less than in the SN case.
The WL constraints (solid line and open circles in
Fig. 2) on the dark energy EOS are remarkably robust
against the flatness assumption, despite that the WL er-
ror on ΩK is roughly twice that of BAO for LSST [33, 36].
To understand this behavior, we devise a test (dashed line
and open triangles) in which we fix growth to the values
it has in our fiducial model. In this case we can, on the
one hand, reconstruct distance more accurately due to
lack of any degeneracy with growth. On the other hand
we lose any information about dark energy that comes
through the dependence of the growth factor on dark en-
ergy. As expected, the dark energy constraints with only
the distance information develop some sensitivity to the
flatness assumption in this case. When the curvature is
fixed to 0, the result of this test is fairly close to the nor-
mal WL ones especially at low redshifts where the growth
rate is most sensitive to curvature. This shows that the
(low-z) growth rate is helpful in reducing the error on
curvature and, hence, improves the constraints on dark
energy. However, it also illustrates that the power of WL
comes mostly from the distance information.
A minor feature of the WL EP in Fig. 2 is that z & 2
bins do not contribute much to the dark energy con-
straints, which is also seen for the mean curvature in
Ref. [36]. This is mainly due to three factors. Firstly,
FIG. 2: Error product σ(wp) × σ(wa) as a function of the
maximum (photometric) redshift of the data for BAO (dotted
line and open square) and WL (solid line and open circles)
with (symbols) and without (lines) the flatness assumption.
The results are obtained by discarding BAO or WL bins above
zmax. In addition, we include the results of a test (dashed line
and open triangles) in which we fix the growth rate to the
values it has in our fiducial model.
the sensitivity of growth to the dark energy EOS and
mean curvature peaks at low redshift. The peak of the
lensing kernel moves away from the redshift range that is
most sensitive to the parameters when the source galaxies
are above z ∼ 2. Secondly, WL is much more limited by
shot noise than BAO [33], so that the poorer measure-
ments at higher redshift contribute little to parameter
constraints. If the shape noise were negligible for WL,
the bins at z & 2 would continue to improve the EP for
bins at z . 2 by a factor of 2. In other words, one could
see more improvement of WL constraints on dark energy
at zmax & 2 with a deeper survey. Thirdly, we assume
implicitly that dark energy is dominant only at low red-
shift with the parametrization w0 and wa (at the fiducial
model w0 = −1 and wa = 0). If we allow more degrees
of freedom in the dark energy EOS, e.g., by modeling it
with 9 parameters evenly spaced between the expansion
factor a = 0.2 and 1 [41], then high-z data will certainly
be needed to constrain high-z dark energy.
B. Reconstructing Distance and Growth
We give a pedagogical explanation of how distance and
growth are reconstructed from WL data in this subsec-
tion. For simplicity, we use a scale-free matter power
spectrum with d lnPδ(k)/d ln k = −2.5 as an example.
This is a good approximation since the WL technique
does not rely on power spectrum features as we show in
§III.
5We begin by reviewing the dependence of the shear
power spectra from two shear maps labeled by i and j
and the gravitational potential power spectrum ∆2Φ. For
simplicity we assume all the source galaxies from which
shear map i is derived are at the same redshift and dis-
tance, Di = D(zi) and similarly for j (we drop the sub-
script A for convenience). In this case, and using the
Limber approximation [44, 45] the 2-point function for
the shear E modes in a flat universe is given by [16, 46]
P γγij (ℓ) =
∫
dD
Di −D
Di
Dj −D
Dj
[
k∆2Φ(k, z)
]
k=ℓ/D
× Θ(Di −D)Θ(Dj −D), (1)
where z in square brackets corresponds to the redshift of
the comoving angular diameter distance D(z), and Θ(x)
is the Heaviside step function.
The potential power spectrum is related to the matter
power spectrum by k∆2Φ(k) =
9
8π2
(
ΩmH
2
0
)2
/a2Pδ(k).
Although Pδ(k) is not a power law (this is the evolved
matter power spectrum at late times, not the primor-
dial power spectrum) insight can be gained by consid-
ering the power law case. If Pδ(k, z) = Ak
ng2Φ(D)/a
2,
where gΦ(D) = G(z)/(1 + z) is the gravitational poten-
tial growth factor at the redshift corresponding to the
comoving angular distance D(z), then
P γγij (ℓ) = A
′ℓn
∫
dD
D
Di −D
Di
Dj −D
Dj
D1−ng2Φ(D)
× Θ(Di −D)Θ(Dj −D), (2)
where A′ is an easily derived constant.
We see that in the power law power spectrum case,
there is no information about geometry in the shape of
the shear power spectra since the shape only depends
on the spectral index. Any information about geometry
is in the amplitudes of the various shear power spectra,
which are also affected by the growth function. There-
fore we can count parameters and degrees of freedom to
gain an understanding of the reconstruction of distance
and growth. If we assume m shear maps and parameter-
ize both the D(z) function and the gΦ(z) function with
m parameters each, as was done in Ref. [7], then there
are m(m + 1)/2 knowns (the amplitudes of each of the
shear power spectra) and 2m variables to solve for. For
m > 2 the known quantities are more numerous than the
unknown and generally there is a unique least-square so-
lution. For a reconstruction of the parameters of a phys-
ical model from several source redshift bins, typically the
number of knowns exceeds the number of parameters.
Note that if we were to consider gΦ(D) to be a com-
pletely free function, then knowledge of absolute dis-
tances would be impossible to acquire since a rescaling
of distance would be exactly degenerate with a rescaling
of gΦ(D). Also, for the special case of n = 1 (which is
only a good approximation at ℓ . 30) there is no sen-
sitivity to absolute distances even with gΦ(D) perfectly
known. Fortunately, n = −2.5 is a better approximation
to the shear power spectrum over most of the ℓ-range
of interest, providing a strong sensitivity to the absolute
distance scale when gΦ(D) is parameterized with just a
few numbers.
We can further simplify things by replacing the integral
over distance in Eq. (1) for the auto shear power spectra
with the integrand evaluated at an effective lens redshift
zl with width ∆Dl, so that
P γγii (ℓ) ∝ ∆DlD2liD−2i Pδ(k, zl) ∝ D2liD−2i D2.5l G2l , (3)
where Dli is the comoving angular diameter distance be-
tween the lens and the source bin i, Gl = G(zl), and
Pδ(k, zl) ∝ G2l k−2.5.
If one models Di, Dli, Dl, and Gl as independent pa-
rameters, then these parameters will have roughly the
same fractional error because of the similar magnitude
of exponents. The errors of these parameters will be
highly correlated. Since a lens distance for one WL bin
can become a source distance for another and vice versa,
the same distance is measured by multiple (auto and
cross) shear power spectra. The degenerate directions
of the distances for different shear power spectra can be
quite complementary to each other. Therefore, the tomo-
graphic WL reconstruction of distance is more accurate
than that of growth. The degeneracy may be partially
lifted by the cosmological model as well. For example,
the distance Dli = Di −Dl in a flat universe.
The reconstructed distances (and growth rates) from
WL are still highly correlated, but the degeneracies are
along directions that cannot be easily mimicked by cos-
mological parameters. This is why even though the dis-
tances reconstructed with LSST BAO [42] have smaller
marginalized errors than those with LSST WL [7], the
dark energy constraints from the former is neverthe-
less weaker (note that the growth information itself con-
tributes only in a minor way, see Fig. 2).
For comparison, the angular galaxy power spectra with
the same approximation are
P ggii (ℓ) ∝ D0.5i b2iG2i , (4)
where bi is the linear galaxy bias. Since the galaxy power
spectra, unlike WL shear power spectra, are local to the
underlying galaxy distribution, i.e., no mixing of dis-
tances at other redshifts in Eq. (4), one cannot measure
the same distance multiple times with different auto and
cross galaxy power spectra to break the degeneracies and
reduce the errors. The exponents of Di, bi, and Gi in
Eq. (4) suggest that, with distances measured from the
BAO feature, one can then infer from P ggii the product
biGi with one fourth the fractional distance error. In the
case that growth is constrained tightly from (a combina-
tion with) other data (WL for example) and a physical
model, then the bias parameter can be determined quite
precisely as was seen in Refs. [33, 40].
6FIG. 3: Left panel : 1σ error contours in the w0–wa plane for normal WL (solid lines), WL with dark energy information in the
growth rate discarded (dotted line), and WL with dark energy information in the distance discarded (dashed line). The results
are marginalized over all the other cosmological parameters. Right panel : Same as the left but with all the other parameters
fixed. The distance-only contour is slightly smaller than the normal WL contour in this panel because of the partial cancellation
between the distance and growth effects [5].
C. Dark Energy Constraints from Distance and
Growth
We examine the relative strength of dark energy con-
straints from the distance and growth rate with the WL
technique. In the same spirit as the test in Fig. 2, we
evaluate the dark energy constraints from the distance
by not allowing the growth to depend on dark energy pa-
rameter variations (“DE in D only”) and vice versa (“DE
in G only”). We take independent Gaussian priors for
the tests: σP(lnωm) = σP(lnωb) = σP(ns) = σP(αs) =
σP(ln∆
2
R) = 0.05, σP(θs) = 0.003
◦, σP(τ) = 0.01, and
σP(Yp) = 0.02. These priors are fairly conservative com-
pared to what can be achieved with Planck, and they do
not introduce extra correlations between the parameters.
The results are shown in Fig. 3. When marginalized
over all the other cosmological parameters (left panel),
the distance (dotted line) is far more powerful than the
growth rate (dashed line), and the WL constraints on
dark energy (solid line) are almost entirely from the
distance. This is consistent with the conclusions in
Refs. [4, 7]. The difference between the constraints from
the distance and growth rate depends on the priors on
the other parameters. If one fixes all the other parame-
ters (right panel), then the distance and growth rate offer
comparable dark energy constraints, in agreement with
Refs. [5, 6].
Note that, as can be seen in Fig. 3, the constraints on
dark energy are tighter in the “DE in D only” case than
in the “WL normal” case. This is because there are two
effects of fixing G with respect to dark energy variations.
One effect is that one now has better distance information
because there is no degeneracy with growth. The other,
apparently subdominant effect, is the loss of any infor-
mation that comes through the dependence of growth on
dark energy. The improvement in the artificial case of ig-
nored growth dark energy dependence is also consistent
with the notion that there is a partial cancellation of the
effects on the shear power spectra of varying distance and
growth through the dark energy EOS [5].
D. Why Does WL Perform Better than BAO?
We now get at the question of how WL surveys con-
strain dark energy by comparing them with BAO sur-
veys. There are two major differences between the two
probes. First, there is an unknown bias that affects the
galaxy power spectra. The bias means that growth in-
formation is not accessible, since growth and bias are de-
generate. Also due to the bias, analysis of galaxy power
spectra is typically restricted to mostly linear scales to
avoid the complications of a scale-dependent bias (be-
sides nonlinear evolution of the matter power spectrum
itself). Second, the kernels are different. The WL kernel
is broader, suppressing sensitivity to matter power spec-
trum features, and it also depends on distances, making
the amplitude of the shear power spectra sensitive to the
distance-redshift relation.
We can gain insight by comparing a WL survey to
something even better than a galaxy survey: a map of
the dark matter density as a function of redshift and an-
gular coordinates, with no peculiar velocity contributions
to the redshifts. Would such a survey be better than a
WL survey at determining dark energy parameters? One
might think so since the shear maps are merely projec-
7tions over this density field, projections that will suppress
the prominence of power spectrum features. However,
our tests in the next section show that the WL survey is
significantly more constraining. The reason is that the
projection is dependent on the distance-redshift relation
and, in fact, is the main source of sensitivity of the shear
power spectra to the distance-redshift relation.
Thus our conclusion is that while the lack of any un-
known bias factor may be important, it is not the crucial
difference between WL and galaxy surveys. The WL ker-
nel is the most important difference.
The bias factor is indeed an important difference as
well. If WL were affected by an unknown bias factor
that was a free function of redshift, then the constraints
on dark energy would be greatly degraded. In appar-
ent contradiction we have also seen that the constraints
on dark energy from the growth information are highly
subdominant to those from distance information. These
two statements are both true. The reason an unknown
bias factor would degrade the dark energy constraints is
not due to the loss of growth information, but because
without priors on the growth of the gravitational poten-
tial as a function of redshift, the distance reconstruction
degrades.
In fact, if we let growth be a free function, this would
be the same as letting the bias be a free function. The
quality of the distance reconstruction from WL depends
on the growth-redshift relation having a sufficiently small
number of parameters — whether those are the param-
eters of the cosmological model or the parameters of a
phenomenological model such as the growth factor eval-
uated at a discrete set of points in redshift space, as was
done in Refs. [8] and [7] and as was discussed above.
Finally, we should be clear that although WL gets
tighter constraints on the distance-redshift relation than
BAO, this is not necessarily apparent from looking at the
errors on the distances to particular redshifts. The BAO
ones can be smaller. However, the errors in the distances
to particular redshifts in the WL case are highly corre-
lated with the errors in the distances to other redshifts.
Because of these correlations, there are linear combina-
tions of distances with much smaller errors than any in-
dividual distance. These strong correlations are present
because any single auto or cross shear power spectrum
depends on the distance to many redshifts.
III. POWER SPECTRUM FEATURES AND
COSMOLOGICAL CONSTRAINTS
We devise a number of tests to explore the impact
of power spectrum features, such as the broadband
turnover, BAOs, and nonlinear evolution, on the con-
straints of dark energy and related cosmological param-
eters. The tests are divided into two broad categories:
with and without the shot noise. The former has the
advantage that the overall amplitude of the signal, i.e.,
the normalization of the galaxy or shear power spectra,
TABLE I: Convention of test names.
Prefix Feature Suffix Feature
SF scale-freea LE linear evolution
NW no wiggleb NE nonlinear evolution
WW with wigglec SR artificial standard ruler
AB artificial bias for WL
FB fixed bias for BAO
aWith the spectral index d lnP (k)/d lnk = −2.5 and amplitude
proportional to that of the CDM power spectrum.
bGiven by the fitting formula in Ref. [32].
cCalculated with cmbfast [47].
does not affect the Fisher matrix for error estimation. In
other words, only the power spectrum shapes and their
relative amplitudes affect the constraints when the shot
noise is neglected. Clearly, the noise-free case is unreal-
istic. The inclusion of the shot noise degrades the results
(more severely for WL), and in this case a boost to the
power spectrum and its sensitivity to parameters due to
nonlinear evolution can be helpful.
We use a scale-free matter power spectrum, a CDM
power spectrum with no baryon wiggles, and a CDM
power spectrum with wiggles to carry out the tests. For
each type, we specify up to 5 additional characteristics:
linear evolution, nonlinear evolution, artificial standard
ruler on nonlinear scales, artificial bias for WL, and fixed
galaxy bias for BAO. Table I summarizes the convention
of test names; for example, NWLE refers to the no-wiggle
CDM power spectrum that evolves according to the lin-
ear theory on all scales.
Note that linear evolution applies to all cases unless
nonlinear evolution is specified. For SFNE and WWNE,
the relative boost to the matter power spectrum due
to nonlinear evolution is set to be the same as that of
NWNE, in order to avoid the difficulty of applying the
Peacock and Dodds [31] fitting formula for the nonlinear
power spectrum to the CDM power spectrum with wig-
gles [33]. In addition, using the same relative boost of the
power spectrum ensures the same parameter sensitivity
arising from the nonlinear correction.
The artificial standard ruler is given by
PSR(k)
Pδ(k)
= 1 + 9
(
1− e−u2
)
+ 9
√
q
(
1− e−v2
)
, (5)
where q = k/(hMpc−1), u = q/1.5, and v = q/3. This
feature mimics the Peacock and Dodds [31] fitting for-
mula of the nonlinear matter power spectrum for our
fiducial cosmological model at z = 0. Its indepen-
dence of redshift makes the artificial feature standard
and, meanwhile, stronger than nonlinear evolution at
z > 0. Since we impose the condition ∆2δ(k, z) < 0.4 and
40 ≤ ℓ ≤ 3000 for galaxy power spectra, the artificial
standard ruler and nonlinear evolution affect our anal-
ysis only through their influence on larger scales. The
artificial bias for WL is implemented in the same way as
the galaxy bias but with a fiducial model of b = 1. A
8TABLE II: Parameter errors from noise-free galaxy power
spectra.
lnωm ΩK ln∆
2
R
Case wp wa (10
−2)
SFLE 2.3 14 5.0 13 5.0
SFNE 0.18 1.6 2.2 1.3 4.9
SFSR 0.037 0.81 4.6 0.98 4.9
SFFB 0.032 0.25 2.6 0.41 4.3
SFFBa 0.019 0.13 2.6 0.37 4.3
NWLE 0.11 1.5 3.5 0.95 4.8
NWNE 0.11 1.4 3.6 0.61 4.8
NWSR 0.037 0.85 3.8 0.87 4.8
NWFB 0.018 0.12 3.3 0.38 2.1
NWFBa 0.012 0.10 2.8 0.38 1.3
WWLE 0.034 0.58 2.7 0.22 4.8
WWNE 0.035 0.51 2.2 0.21 4.8
WWFB 0.012 0.08 2.4 0.20 1.9
WWFBa 0.010 0.07 2.5 0.25 1.9
aThese FB results are calculated in the same way as the WL ones
in Table III, i.e., with 10 uniform bins and 40 ≤ ℓ ≤ 2000 without
a limit on ∆2
δ
(k, z).
20% prior on the galaxy and artificial bias parameters is
always applied.
A. Noise-Free Case
Since BAO and WL are not sensitive enough to all
the parameters (e.g., the electron optical depth of the
reionized intergalactic medium), at least some param-
eter priors are needed to regularize the constraints [19].
The correlation of parameters in CMB priors can obscure
the effect of power spectrum features we try to isolate.
Hence, in the noise-free case we take the same indepen-
dent Gaussian priors as those in Fig. 3.
Table II presents the marginalized errors on wp, wa,
ωm, ΩK, and ∆
2
R from noise-free angular galaxy power
spectra with various underlying matter power spectra.
As we expect, SFLE does not provide meaningful con-
straints on the parameters, because it has no feature
for measuring the absolute distance and because the
galaxy bias prevents one from extracting the distance
and growth information from the amplitude of the galaxy
power spectra. The redshift-dependent, but predictable,
ruler provided by nonlinear evolution leads to an im-
provement of SFNE over SFLE. However, the length of
this ruler cannot be predicted very accurately since it
depends on both the shape and amplitude of the mat-
ter power spectrum. Therefore when other rulers are
present, the addition of nonlinear evolution makes very
little difference, as in the case of NWNE vs. NWLE and
WWNE vs. WWLE. We should point out that the tests
in Table II do not take full advantage of the nonlinear
evolution as we truncate the matter power spectrum at
TABLE III: Parameter errors from noise-free shear power
spectra.
lnωm ΩK ln∆
2
R
Case wp wa (10
−2)
SFLE 0.0032 0.023 1.9 0.19 3.5
SFNE 0.0034 0.027 1.5 0.14 2.7
SFSR 0.0031 0.022 1.9 0.18 3.4
SFAB 0.014 0.16 4.2 0.56 4.7
NWLE 0.0036 0.021 2.1 0.17 1.1
NWNE 0.0035 0.026 2.1 0.14 0.37
NWSR 0.0030 0.022 2.0 0.16 1.1
NWAB 0.013 0.13 2.5 0.50 4.5
WWLE 0.0033 0.020 1.9 0.16 1.3
WWNE 0.0033 0.025 1.2 0.13 0.78
WWAB 0.0089 0.072 2.6 0.30 4.5
largely linear scales. Extending the analysis to smaller
scales does increase the difference between WWLE and
WWNE results (see § III B), but doing so requires one
to model the scale-dependent galaxy bias on those scales
very accurately.
The artificial standard ruler of Eq. (5) is similar to the
nonlinear feature at z = 0 but independent of redshift.
It offers a great improvement on distance measurements
over SFNE, which is evident from the errors on wp, wa,
and ΩK, but, having nothing to do with ωm, it does not
reduce σ(lnωm). When the galaxy bias is fixed in SFFB,
the distance and growth can be measured through the
amplitudes of the galaxy power spectra, which have dis-
tance dependencies and lead to the smallest errors on
nearly all parameters within the SF group. One still can-
not do well on ∆2R with SFFB, because the normalization
of growth and that of distance are degenerate for scale-
free galaxy power spectra. The sensitivity of SFFB to ωm
comes from our choice of normalizing the matter power
spectrum to the CMB potential fluctuations [33].
With the standard ruler of the broadband turnover
in the matter power spectrum, NWLE performs much
better than SFLE, and nonlinear evolution becomes a
subdominant factor. As in SFSR, the artificial standard
ruler in NWSR offers yet better measurements of the ab-
solute distance and stronger constraints on parameters.
Because of the broadband turnover, a shift in the abso-
lute distance will not only alter the amplitude of the an-
gular galaxy power spectra but also move the broadband
feature in multipole space. This breaks the degeneracy
between the normalizations of growth and distance seen
in SFFB, so that NWFB improves ∆2R (in addition to
other parameters) significantly.
By comparing the results of the NW tests and those
of the WW tests, one sees that the BAOs are by far the
most crucial feature for measuring the absolute distance
and constraining cosmology with galaxy power spectra.
Their importance relative to that of the broad band fea-
ture was already convincingly demonstrated by Ref. [13].
9Also, WWFB demonstrates that it would be highly ad-
vantageous to be able to predict the bias to high precision
since the results improve dramatically for fixed galaxy
bias.
Table III gives the results from the noise-free WL shear
power spectra. The most striking characteristic is that
these results are fairly independent of all our modeling
changes, except for the introduction of artificial bias.
There is no substantial difference between the dark en-
ergy constraints from completely featureless SFLE and
those from WWNE. The larger errors on ∆2R with the
scale-free matter power spectrum is due to the degen-
eracy between the normalization of distance and that
of growth, as is the case in Table II. This shows that
the WL constraints on dark energy are primarily derived
from the correlated distances, which are inferred from the
amplitudes of the shear power spectra. One would not
obtain the same distance constraints without the ability
to measure the growth function. This is illustrated by
the severe degradation to the results of SFAB, NWAB,
and WWAB for which the lensing potential is artificially
sourced by unknown bias parameters [see also 36]. One
may notice among the AB tests that WWAB is consid-
erably better than the other two as far as w0 and wa
are concerned. This reveals that the standard features in
the matter power spectrum do contribute somewhat to
WL constraints on dark energy, but they are much less
important than the lensing kernel and the lack of bias in
the WL technique.
It is also of interest to compare the results of SFFB in
Table II with those of SFLE in Table III. In the noise-
free case, the errors of the shear power spectra and those
of the galaxy power spectra are given identically by the
cosmic variance. For the same scale-free matter power
spectrum and fixed galaxy bias, Eqs. (3) and (4) predict
a stronger sensitivity of shear power spectra to distances
than is the case for galaxy power spectra. Thus we ex-
pect to have tighter constraints on distances from shear
power spectra than from galaxy power spectra, although
the former will probably have a more complicated error
correlation structure. The expectation of tighter con-
straints is indeed supported by the much smaller errors
on wp and wa from SFLE in Table III compared to those
from SFFB in Table II.
B. Constraints with the shot noise
The noise-free tests in the previous sub-section are use-
ful for understanding the origins of cosmological con-
straints for the BAO and WL techniques, though the
constraints can behave quite differently with noise. To
evaluate the effect of nonlinear evolution more realisti-
cally, we include the shot noise and apply CMB priors
from Planck to the tests in Table IV.
Compared to the results in Table II, the shot noise
increases the BAO EP, wp × wa, only mildly. The im-
provement to other parameters is due to the Planck pri-
TABLE IV: Cosmological constraints from galaxy and shear
power spectra with the shot noise and Planck priors.
lnωm ΩK ln∆
2
R
Case Probe wp wa (10
−2)
WWLE BAO 0.037 0.66 0.50 0.11 1.8
WWNE BAO 0.040 0.59 0.51 0.10 1.8
WWLEa BAO 0.027 0.49 0.50 0.099 1.8
WWNEa BAO 0.028 0.38 0.48 0.089 1.8
WWLE WL 0.019 0.23 0.84 0.22 1.8
WWNE WL 0.014 0.19 0.67 0.19 1.7
aThese BAO results are obtained with wider range of scales by
relaxing ∆2
δ
(k, z) to less than unity instead of ∆2
δ
(k, z) < 0.4.
ors. The inclusion of nonlinear evolution decreases BAO
EP by merely 2%, because we only use the galaxy power
spectra on largely linear scales. If we extend the scales
of the analysis by relaxing ∆2δ(k, z) to less than unity
(instead of ∆2δ(k, z) < 0.4), the improvement on the EP
due to the nonlinear feature elevates to 20%. However, it
may be quite optimistic as we have not accounted for our
uncertain knowledge of the scale-dependent galaxy bias
in the quasi-linear regime.
Unlike BAO, the WL technique is more limited by the
shot noise, so that the results in Table IV are a lot worse
than those in Table III. In other words, the WL con-
straints should be sensitive to nonlinear evolution, which
boosts the shear power spectra on scales where the shot
noise is dominant. Hence, the WWNE WL constraints
are considerably tighter than the WWLEWL constraints
in Table IV, even though WL results can be degraded by
nonlinear evolution in the noise-free case.
IV. CONCLUSIONS
The dependence of WL shear power spectra on D(z)
and G(z) is much more complicated than, say, that of
supernova luminosity distance. Here we have employed
a number of numerical tests and analytic arguments to
gain an understanding of how WL observations recover
information aboutD(z) and G(z) and thus constrain cos-
mology and dark energy in particular. We have also sim-
ilarly explored the cosmological constraints from the cor-
relations of number densities of galaxies in photometric
redshift bins.
We have found that, in contrast to the case with galaxy
correlations, standard rulers in the matter power spec-
trum play no significant role in D(z) reconstruction from
WL surveys. Instead, the dependence of the lensing ker-
nel on distance ratios allows for a determination of the
distance ratios. Furthermore, the shear power spectra are
directly connected to the matter power spectrum without
any bias, so that one can determine the degenerate nor-
malizations of distance and growth from the amplitude of
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the shear power spectra. This degeneracy can be broken
by assuming a physical model for either quantity, which
occurs, for example, when one projects the constraints
on distances and growth rates into cosmological parame-
ter space. With WL, the growth information itself is less
powerful than the distance information in constraining
dark energy. However, as mentioned in § I, it is crucial
to have the ability to measure the amplitude of the mat-
ter power spectrum. Otherwise, the WL technique would
achieve much lower precision on the distance-redshift re-
lation and therefore much lower precision on cosmological
parameters as well.
With galaxy power spectra if there were no confusion
from the galaxy bias then knowing the amplitude of the
matter power spectrum would also help in determining
the distance-redshift relation from the amplitude of the
galaxy power spectra. We find that the ruler from non-
linear evolution, due to its redshift and model dependen-
cies, is more difficult to standardize than other features
in the matter power spectrum such as the BAOs. It will
not help with constraints from galaxy power spectra un-
less the scale-dependent galaxy bias can be modeled very
well.
We expect this understanding of how galaxy surveys
constrain cosmology (via WL in particular) to be useful
for analytic consideration of various effects such as sys-
tematic errors, enlarged cosmological parameter spaces,
and the inclusion of complementary information.
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